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Basic mathematics

e Complex numbers
(x+ jy) where x :real part
y :1maginary part

JiA—1
e Complex plane

x-axis (real part) / \
y-axis (1maginary part)

/"
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e Rectangular co-ordinates

ordinate |
(xl > Vi )
Y1 """"""""""""""""""""" *
X, abscissa

e Polar co-ordinates

magnitude : /x> + y°

phase :tan™' (y/x)
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e number €

e = lim “+1E =2.718281...

e Complex exponential

e(x+jy)
e Sine function

sin(x)
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e Euler’s 1dentity

e”™ =cos(x) + jsin(x)

cosf = sin @ =

e linecar magnitude and dB

dB = 2010g(% )
0
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Complex exponential:

X(t) = A’ = Acos(w,t + @) + jAsin(cw,t + @)

Real sinewave:

ej(wotﬂp)_l_e—j(wotﬂp)
x|t|=Acos|w,t+p|=A ;
_l Ja)t l —ont ]_ ]_ *
—2X 2Xe =y (t)+2xt
=Re Xt
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Continuous Fourier transform

X (@) = f:x(t)e_j”dt

¢+ Continuous time index in seconds

W Continuous frequency index in radians per second

inverse transform:

] oo |
HN=—1[ X(w)e'“dw
x()=- [ X(w)
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Discrete Fourier transform (DFT)

X(k)= NZ_I x(n)e "

w, =2mk/N, N even, k =0,1,....N —1

w : discrete radian frequency,
n : discrete time index in samples,

k :discrete frenquency index in bins.

Hertz-Radian relationship: /' = f w/2m

f :frequencyin Hz, f :sampling rate, w:radian frequency.
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Inverse DFT:

1 N-1

x(n) = ¥ X (k)e’™"

=0

FFT implementation of the DFT: divide-and-conquer

DFT: proportional to N*
FFT: proportional to N log N
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Frequency shifting

x. [nl=x|n]e "
S
—Jjw,n —jwgn

e

N A
— XO+Z (Xke‘]w"nJere

—wn N W A) -* —j(d)+(f))n
! Z( T+ Xe Tk S)

X7 X

) | | )
‘ | >

=y =] —fn =y —2d) —r1))] 0 =i (=11 q i
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Channel filter

v ]

x|n| = xg 1#] Lincar
i'-.,"l LA
) ' » Lowpass
X Filter
¢ ~Je o
X ;
¢ LPE
X3 X7
X1 X,
»Y_'i X3
—tmy— | —y w2 W e ) W, =y w3
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Running-sum filtering

Difference equation:
L-1

M| = ZO xn =1

Frequency response:
o _ 2 e _ Bin(@L/2) -l
— J — 2
=3 e Eisin(w/z)%

The zeros of H(Q) are equally spaced at () = 2 T/ L
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Spectral analysis

x[n] . xpln] N"I}m mt yiln]
J-f:?rf:} » Running-Sum »
T Filter
2k Won

i

N-1
x[n] = % Z X[l]ej(zn/N)ln periodic signal
=0
after the multiplier:

Xk[n] p— %NZ_IX[ZIQJ(ZN/N)lne—j(zn/N)kn
=0
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1 N-1

yk[n] :NZO

H(ejzn(l—k)/N )X[l]ej(er/N)(l—k)n

= %H(ejo))(lk]
. Jbg H[e 14V ) x [ t2m i

since ff(e/%]| = N and F{e2MHIN) =0 when (1) £0

yklnl :Xlkl
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- Spulrum of Periodic Sign: nI N=10

g |
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Shifted Spectrum and Running Sum Frequency Response
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Xk| = Zx[m]e_j(zn/mkm k=012,..,N-1

20 Xavier Serra -




Ay gln]

N-point vy il = XN = 1]
)(;j > Running-Sum = »

T Filter

el 2l = 1iN]n

. vl ] N-pont yi[n] = X[k
R :"'Q}(:' —»> Running-Sum — >

e

T Filter

i BUOL YR
o Ji 2k AN
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the DFT:

1 N-1 .
x[n] = — X[k]e](zn/N)k” n=0,12,....N—1
N 2

XK = S afle B k=012, N -1
n=0
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DFT properties

X o X (transform pairs)
X =DFT(x),x =IDFT(X)
 Linearity:

ax, +bx, < aX, +bX, (mixing commutes with the DFT)

e Convolution:

convolution  point - by - point multiplication
* Shift:

shift - multiplication by a complex exponential
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* Evenness:
even « real - valued

(even function : for every k, x, =x_,)

e Zero padding:

zero padding — interpolation

* Power:

5 l(n)

=X Rayleigh




DFT examples

xlln] j\27ty [N ) for n=012,...,N-1

X, k| = anl n]e” 27/ N

2 +  + e—j(27T/N)(k—k0)(N—l)

-Né[k k|

‘](277/N)(k ko

QCB
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Sinusoid at 1/4 the Sampling Rate
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x3[n] = /19 for n=012,.,N-1

x[K] = Nzlemonw)e—j(zn/zv)kn
n=0
N-1 )
— oI o /(27 N=ay |
n=0

= /90 4 gimIN-G) | gl a1

__—jl2mk/N-&y)N
wl—e

—¢€ 1 — e—j(277€/N‘CDo)

_ i ilamiNay (N2 sin((27%/ N - &, | N/2)
sin((27%/N - @, ) /2)
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DFT of a Complex Exponential
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Sinusoid tuned NEAR 1/4 the Sampling Rate
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